In this study, we examine the thermodynamics and spin dynamics of spin-1/2 and spin-3/2 heptamers. Through an exact diagonalization of the isotropic Heisenberg Hamiltonian, we find the closed-form, analytical representations for thermodynamic properties, spin excitations, and neutron scattering structure factors. Furthermore, we investigate the cluster-like excitations of quantum spin heptamer in the three-dimensional pyrochlore lattice material MgCr2O4. Using a spin mapping of the spin-1/2 heptamer excitations, the calculated structure factors of the spin-3/2 heptamer are be determined, which provides clarification for the spin excitations in MgCr2O4. Overall, this study demonstrates the ability to use the spin mapping of structure factors for small spin systems to analyze more complex structures.
I. INTRODUCTION
After over a decade of study, molecular magnets continue to intrigue researchers with new and exciting results and phenomena, which pushes towards the potential for using them in technological applications [1] [2] [3] [4] [5] [6] . Molecular magnets are molecule-based materials that are synthesized with magnetic properties that may provide enhancements in resonant spin tunneling, quantum coherence, magnetic deflagration, and various spintronic applications 7, 8 . Typically, molecular magnets consist of clusters of magnetic spins interacting within a molecular solid that are magnetically separated from other clusters through non-magnetic ligands 6, [9] [10] [11] [12] [13] [14] [15] [16] [17] [18] . This has lead to the discovery of some very well investigated molecular magnetic materials, i.e. Mn 12 , Ni 12 , Fe 8 , and Mn 84 to name a few. These are very large molecular magnets, which presents a challenge for an analytical analysis and modeling of the clusters.
Over the last decade, there has been an enormous theoretical thrust towards understanding the spin excitations and dynamics of clusters [19] [20] [21] [22] [23] [24] 26 . While a lot of progress has been made in the numerical understanding of these systems using density functional theory, ab initio, and first principles studies [27] [28] [29] [30] [31] [32] , the ability to find and work towards straightforward closed-form solutions to experimental observables is critical to the understanding of the underlying physics in these materials.
In working towards a deeper understanding of spin clusters and magnetic systems, it has become clear that the larger spin clusters can be analyzed through the subgeometries of the cluster 33 . This can allow for simple, closed-form expressions for thermodynamic and magnetic properties of clusters 34 . Furthermore, we have shown that the magnetic "fingerprint" of spin clusters can be determined through the inelastic neutron scattering structure, which has a functional form that is characteristic of the cluster and is independent of spin 35 . Therefore, understanding the nature of larger clusters lies in the analysis and characterization of the subgeometries, where total spin can be easily handled. While many molecular magnets are in the isolated cluster limit, some spin clusters have been observed in threedimensional periodic lattices. One case is the discovery of a spin dimer in VODPO 4 · 1 2 D 2 O 36 . However, this has been recently observed in the pyrochlore lattice of MgCr 2 O 4 38,41,42 , where the 3D lattice forms a structure of hexagons that have corner-sharing tetrahedrons (shown in Fig. 1(a) ). This has also been observed in the spinel compound, ZnCr 2 O 4 37,39,40 . In the case of MgCr 2 O 4 (shown in Fig. 1(a) ), inelastic neutron scattering studies on this compound have revealed the existence of discrete, dispersionless excitations in the energy spectra, which indicated that these are excitations of spin clusters of either six or seven spins 38, 41, 42 . Typically, the excitations in MgCr 2 O 4 have been examined classically 38, 41 . However, these classical models are unable to clarify the general structure of the magnetic cluster, where they we are only able to classify them in terms of a spin hexagon and a spin heptamer (shown in Fig. 1(b) ).
In this study, we examine the spin dynamics of a quantum spin-1/2 and a spin-3/2 heptamer to help clarify the spin structure for the MgCr 2 O 4 system. Using an exact diagonalization of the quantum Heisenberg Hamiltonian for a spin heptamer cluster, we show that through an
Comparison of the spin excitations and structure factors for a S=1/2 dimer, trimer, and a S=3/2 dimer, which shows that larger cluster excitations have characteristics of the subgeometry that is excited and that the functional form of the excitation intensity is not dependent on the spin of the system. analysis of the energy eigenstates, thermodynamics, and inelastic neutron scattering structure factors one can map spin excitations from a low spin cluster to higher spin cluster. Furthermore, we model the spin excitations of MgCr 2 O 4 and show that the excitations observed can be described by quantum spin heptamer. This analysis was first introduced in combination with the experimental measurements and analysis presented by Gao et al. 42 . However, here, we show the full calculations and present the complete, closed-form representations for the energy eigenstates, thermodynamic properties, and the inelastic neutron scattering structure factors.
II. SPIN HEPTAMER MODEL AND THERMODYNAMIC PROPERTIES
The challenge in investigating large molecular magnets and spin clusters analytically is due to the size of the Hilbert space for the magnetic eignestates, where the ability to extract information from individual excitations is challenging and complicated. Therefore, to gain more information on the underlying excitations in large clusters, it is helpful to examine the trends and physics of smaller clusters to gain insight.
In recent studies, it has been shown that the underlying excitations in larger spin clusters hold on to the subgeometries of that cluster 26, 33, 34 . For example, in Fig. 2 , we show the neutron scattering structure factor for the spin excitations for spin-1/2 dimer and a spin-1/2 isosceles trimer, and while the trimer has more excitations than the dimer, two of the excitations of the trimer consist of dimer characteristics as shown by functional form of the embedded dimer. Furthermore, the function form of the neutron scattering structure factor is not dependent on the total spin of the system, which has been shown in many studies 35 , but is illustrated in Fig. 2 for the spin-3/2 dimer. These fundamental properties allow for the analytic investigation of larger spin clusters through an analysis and decomposition of the small subgeometries.
Therefore, in the case of MgCr 2 O 4 , the system will need to be broken into smaller subgeometries in order to determine the spin excitations of the S = 3/2 heptamer. We start by examining the system using an isotropic spinspin exchange Hamiltonian,
where the superexchange constants {J ij } are positive for antiferromagnetic interactions and negative for ferromagnetic ones, and S i is the quantum spin operator for a spin-3/2 ions at site i 26 . For a spin heptamer shown in Fig. 1(b) , the Hamiltonian can be written as
where the first set of terms consists of a 1,2,3-trimer, the second set is a 4,5,6-trimer, and the final sum of terms produces a hexamer. The spin 3/2 heptamer cluster consists of 16384 total states, ([2 ·
, which makes determining every eigen-state and function analytically a challenge. While the exact diagonalization of the spin matrix can be quickly evaluated numerically, the overall functional forms for the thermodynamic properties and inelastic neutron scattering structure factors can be missed. Therefore, to evaluate the energies, we gain insight by stepping back and examining the spin-1/2 heptamer. If one considers the spin-1/2 heptamer spin states, the decomposition is given by Individual Spins (4) which is similar to the spin-1/2 case. Therefore, while the structure is reminiscent of two connected tetrahedrons, the energy eigenstates of this system can be determined exactly through a reduction of the full heptamer Hamiltonian using the subgeometries that are apparent in the Hamiltonian (a hexamer and two trimers basis sets). This decomposition allows us to write out the energy eigenstates for the general spin heptamer as
where S tot is the total spin state of the system, S hex is the hexamer spin state, S ∆i are the trimer spin states, and S i are the magnetic spins on the atoms (S = 3/2). Using the aforementioned basis sets, the eigenstates ( S tot S hex S ∆1 S ∆2 ) for the heptamer can be determined, where the eigenstates are produced due to the symmetry within the magnetic structure that produces mixing of the spin states. However, while the energy above is represented in hexamer and trimer components, transitions of any subgeometry (dimer, trimer, tetramer, pentamer, or hexamer) can be expected. Figure 3 shows the spin-1/2 and spin-3/2 heptamer energy eigenstates, where this illustrates the dramatic increase in states with increasing spin for the heptamer structure and the need for spin mapping in the analytical limit. Using these energy states, we determine the thermodynamic properties and closed-form representations for the partition function, heat capacity, and magnetic susceptibility. While this is a straightforward exercise, the thermodynamic properties allows for a direct check on the energy states.
Here, we can define the partition function as
where β = 1/k B T , E i are the individual energy eigenstates, and S tot,Ei is the total spin for the eigenstate E i . From the partition function, we can examine the heat capacity by
which allow us to also calculate the entropy as
Here, N is the total size of the Hilbert space and N 0 is the total number of ground states 25, 26 . Since the entropy is related to the total number of states, the integration of the heat capacity allows us to easily confirm the number of ground states and show that the energy eigenstates are correct. For the spin-1/2 heptamer, S = 4k B ln(2) and produces 8 total ground state levels, while the spin-3/2 heptamer produces S = k B (9ln(2) -ln(3)) with 96 ground state levels, where the difference of ln (2) and ln(3) signifies a degenerate spin 1/2 and 3/2 ground states.
From the energy eigenstates, we can calculate the heat capacity as a function of temperature and J (shown in Fig. 4 (a) and (b)) for both the spin-1/2 and spin-3/2 cases. Here, the heat capacity shows the temperature dependence of the Schottky anomaly (shift in the change of the entropy) is linear with respect to J in the transition from paramagnet to antiferromagnet at low temperatures. The widening of the Schottky anomaly in the S = 3/2 heptamer is associated with increase in the number of magnetic states. While there is a change in the slope of the Schottky anomaly going from S = 1/2 to S = 3/2, the general pattern is still the same. Additionally, the change in the intensity of the heat capacity going from J (antiferromagnetic) to -J (ferromagnetic) is caused by change in the ground state energies, which is quite dramatic in the spin 3/2 case. Furthermore, the magnetic susceptibility can be deter-
The calculated magnetic heat capacity and magnetic susceptibility for the spin 1/2 and spin 3/2 heptamers. , where each value given the total spin for that component. On the left-hand side, the general excitation scales are given, which are in agreement with the observed spectra and estimates the superexchange energy to be about 9.0 meV. The right-hand side provides a general description of the heptamer structure considered in these calculations.
mined from
where g is the Landé factor and µ B is the Bohr magneton.
In Fig. 4 (c) and (d), we show the calculated magnetic susceptibility times temperature for the both spin cases, respectively. Most notable is the shift from antiferromagnetic low-spin ground state with a positive J and the high-spin ferromagnetic with a negative interaction. Since the systems are similar, then magnetic susceptibilities are also similar. The general broadening of the susceptibility peak in the S = 3/2 heptamer is due to the increased magnetization of the states for the ferromagnetic case. The full closed-form, analytic representations for the spin-1/2 and spin-3/2 thermodynamics are presented in the Appendix.
III. INELASTIC NEUTRON SCATTERING
Bulk probes, such heat capacity and magnetic susceptibility, are useful at determining the overall magnetic character of these clusters, but struggle to provide mi- 
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a Contributes majority of intensity croscopic details of the magnetic structure. However, because of their isolation, spin clusters produce discrete dispersionless excitations that only vary in intensity when examined through neutron scattering. This allows for a "fingerprint" of the magnetic structure through the calculations of the structure factor. The differential cross section for the inelastic scattering of an incident neutron from a magnetic system in an initial state |Ψ i is proportional to the neutron scattering structure factor tensor
(10) Here, the neutron has momentum transfer q and energy transfer ω, and the site sums in Eq.(10) run over all magnetic ions in one unit cell, and a, b are the spatial indices of the spin operators 26 .
For transitions between discrete energy levels, the time integral gives a trivial delta function δ(E f −E i − ω) in the energy transfer, so it is useful to specialize to an "exclusive structure factor" for the excitation of states within a specific magnetic multiplet (generically |Ψ f (λ f ) ) from the given initial state |Ψ i ,
where the vector V a ( q ) is a sum of spin operators over all magnetic ions in a unit cell, (12) and a is the spin polarization operators z, +, or− 44 . However, in this case, since were are only interested in the functional form of the structure factor and not normalization coefficient, V a ( q ) can be reduced to V z ( q ) only 44 .
Therefore, the individual structure factors for each transition can be determined.
IV. DISCUSSION

A. Excitations in MgCr2O4
The pyrochlore antiferromagnet was one of the first three dimensional models establishing that the nearest neighbor exchange does not result in magnetic ordering and that the ground state has a finite entropy 43 . MgCr 2 O 4 is a S = 3/2 pyrochlore lattice and has been shown to display discrete magnetic clusters in a 3D periodic lattice with long-range magnetic order 41 . A 3D pyrochlore lattice is generally a network of tetrahedra, whereas a 2D pyrochlore model is found by the projection of the 3D lattice on a plane. Therefore, we aim to understand the complex, high-spin magnetic interactions using spin clusters to produce discrete excitations. Previous work on this material has shown the discreteness of the magnetic excitations and have explained them using a classical spin model on hexagons and heptamer structures [39] [40] [41] . However, this system has not been solved under a single consistent model on the quantum spin level.
The primary challenge in modeling the magnetic excitations is understanding the bulk unit cell in terms of magnetic clusters. One can think of the pyrochlore lattice as consisting of a magnetic structure produced through the combination of 24 heptamer structures (shown in Fig. 1(a) ). While there may be excitations of the full heptamer structure, the observed excitations from inelastic neutron scattering are likely to be excitations of the subgeometries (trimers, pentamers, hexamers, and heptamers). Therefore, the excitations of the heptamer are not restricted to that geometry, since the magnetic excitations of the larger system can take on the characteristics of the smaller subgeometries 33 . Figure 5 shows the lowest energy levels of the spin-3/2 heptamer, as well as their S tot designations and eigenstates. From this energy level diagram, it is clear that the system consists of a degenerate ground state consisting of a S = 1/2 and S = 3/2 levels. The resulting energy level diagram from the model is quite encouraging, since it reproduces the even energy spacing (∆E = J/2) between each excitation.
The 4.5 meV excitation (∆E = J/2) is a S = 1/2 to S = 1/2 transition in these transitions. This is due to the large amount of spin mixing between the heptamer, hexamer, and trimer basis sets.
The existence of isolated cluster-like excitation in a 3D lattice leads to further questions about the nature of interaction in materials with long-range magnetic ordering. In this case, we are not saying that a 3D pyrochlore lattice is a collection of "isolated spin clusters. However, this study shows that the dispersionless excitations are similar to isolated clusters, which is in agreement with previous literature. These excitations present an exciting situation, which needs further study and comparison to different models 45, 46 .
B. Inelastic neutron scattering and the mapping of spin excitations
To compare with the inelastic neutron scattering data, the single crystal structure factors have to be determined for each transitions. The spin decomposition above can help us work out the individual subgeometry basis allowing for the mapping of hexamer and trimer spin states, while the functional form of the neutron scattering structure factor can be determined by looking at individual excitations of the magnetic states. As shown in Fig. 5 , the excitation from one state to another can be determined by the change in the magnetic basis. For example, the 2 transition can be determined to be an excitation of a single trimer due to the trimer basis being the only magnetic state that changes. Therefore, that transition can be described by the standard trimer functional form. However, not all transitions are as straightforward. Figure 6 shows the general schematic for the mapping of spin excitations from the spin 1/2 heptamer to the 3/2 heptamer. In the case of the 18 meV excitation observed in MgCr 2 O 4 and shown in Fig. 5 , there are two transitions contributing to this excitation (hexamer and FIG. 7: Structure factor for the first four excitations of the spin heptamer system as a function of h and k for l = 0, 1, and 2. These structures can be compared directly to the excitations observed in Ref. [41] and [42] . pentamer). Looking more closely at the transition, it is clear that characteristic transition is that of a spin hexamer. However, that structure is not known and has to be determined.
Since the sheer number of magnetic states for the S = 3/2 heptamer makes this determination very difficult to solve analytically, we have to look towards another method of identification. While the excitations can be easily determined and modeled numerically, numerical models do not provide deeper insight into the nature of interactions, whereas an analytic model can provide further information about the quantum spin states. Therefore, since the functional form of the neutron scattering structure factor is not dependent on S 35 , we look to reduce the spin cluster to a S = 1/2 heptamer, which consists of only 128 individual magnetic states ((2 · 1 2 + 1) 7 ), and the analytic form of the structure factors can be determined "easily" and compared to the data and the basis of the excitation from the S = 3/2 energy transitions.
By looking at the similar transitions associated with the spin 1/2 heptamer, we can determine the general functional forms for transitions. Therefore, here we compared the Table  I . However, this was only one of the transitions available.
Using the same methodology, we looked into the transition. This is a challenge because the magnetic bases do not provide any direct analysis. Therefore, we compared a similar spin 1/2 heptamer transition ( 2 ) to the spin 3/2 transition and determined that it has characteristics of a spin pentamer. This means that only five of the seven spin sites are involved in the excitation. Once this is complete, the two structure factors are combined together to form the total structure factor, which is consistent with the data.
Using the S = 1/2 heptamer as a basis and the methodology described above, the individual eigenfunctions for multiple transitions can be determined and compared to the transitions in the S = 3/2 case. Table I presents the determined functional form for the inelastic structure factor for each transition that is presented in Fig. 5 . To compare to the experimental system, the individual structure factors need to be averaged over all structural configurations. Figure 7 shows the simulated inelastic neutron scattering structure factors or intensities for each transition plotted a function h and k for l = 0, 1, 2. While the comparison is similar to that of the classical Monte Carlo simulations used in Ref. [41] and [42] , this model explains all transitions, including the proper energy spacing between excitations as well as the inelastic neutron scattering intensity, in a complete and self-contained model of the spin 3/2 heptamer.
As mentioned above, the individual excitation reflect the structure factors of the subgeometries of the larger magnetic structure. Since the 4.5 meV excitation is a transition between from 2 and reduces the hexamer basis from spin-2 to spin-1, the calculated structure factor is expected to be characteristic of a spin hexamer. As shown in Fig. 7 , the structure factor (given in Table I ) does reproduce the appropriate inelastic neutron scattering intensity pattern, which was originally determined to be a hexagon excitation.
Furthermore, the 9.0 meV transition is characteristic of a hexamer excitation, which is an excitation from the S = 3/2 ground state to a S = 5/2 excited state. While there is also an increase of the trimer basis, the trimer and hexamer states exhibit spin mixing due to the crossover on spin sites. The 13.5 meV and 18 meV excitations are actually a combination of multiple transitions that include mainly hexamer and pentamer excitations. While the pentamer is not a given basis, the combination of spin sites can produce excitations of five spins.
V. CONCLUSION
Overall, we show that the quantum spin model for clusters can be broken down to a point where the spin excitations are being produced with respect to the subgeometries of the system. Assuming a cluster can be broken into subgeometries that do not share spins, the isotropic Hamiltonian can be written analytically. This allows for the general spin energy eigenstates to be determined analytically. With the eigenstates and energies known, a mapping of excitations can be done with similar spin excitations.
The subgeometries cannot share individual spins since this can lead to spin mixing that will complicate the energy eigenstates. For example, while the heptamer could be thought of as the combination of corner-sharing tetrahedrons, the sharing of only one spin will lead to mixing of the spin states. Therefore, by breaking down the heptamer into a single spin interacting with a heptamer does not mix spin states. The heptamer can then be broken into small trimer components, such that
It should be noted that the restructuring of the heptamer does not lose information about the other possible subgeometries, since the pentamers and tetramers can be formed through combinations of the other subgeometries (i.e., pentamer = trimer + dimer). This representation allows us to write down an analytical solution for the eigenstates. From the eigenstates, one can then determine the excitation "fingerprint", which is the structure factor.
Furthermore, once the energy eigenstates are determined, the thermodynamics are relatively trivial. However, they are useful for checking the ground state energies as well as illustrating the similarities and difference of the spin systems, as discussed above. Therefore, we present those solutions in full.
In conclusion, we break down the quantum spin heptamer model and clearly show where the excitations are being produced with respect to the geometries of the system, and illustrate the ability to determine the INS excitation structure factors from the subgeometries of the spin cluster through the use of symmetry and geometry. We determine that the excitations of a small spin cluster can be mapped on to the excitations of a larger spin cluster. To do this, we examine the thermodynamics and inelastic neutron scattering structure factors for a spin-1/2 and-3/2 heptamer and provide analytical solutions for all observables. The modeled spin excitations were further compared to the inelastic neutron scattering excitations observed in MgCr 2 O 4 39-42 , where the model excitations are in good agreement with the observed measurements. Therefore, these calculations help clarify the spin excitations and solidify the magnetic structure for these excitations. We believe this will help in the understanding of the larger single molecular magnets by providing a methodology for a simple and easy way to identify quantum spin excitations in magnetic clusters. While the spin=1/2 has 128 individual magnetic states, many of them are degenerate in the heptamer configuration we are considering. From Eq. 5 and Fig. 3 , the energy eigenstates can be determined exactly. Therefore, the partition function for the spin-1/2 heptamer is determined in a simple closed-form representation from Eq. 6 and given as (15) respectively. This allows us to present the heat capacity and the magnetic susceptibility as a function of J and T in Fig. 4. B. Thermodynamics for the spin- Similar to the spin-1/2 heptamer, the spin-3/2 heptamer has many degenerate states. Therefore, even though it has 16384 individual magnetic states, the thermodynamics can be determined in closed-form. Here, the partition function is given by 
